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We get an analog of Kolyvagin’s trace relations for a Siegel threefold X.
ŽNamely, let V X be a Heegner curve points of V correspond to Abelian
.surfaces with some fixed multiplication ring and let T be a Hecke correspon-p
Ž .dence on X, so T V is a codimension 2 cycle on X. We describe the set ofp
Ž . Ž .irreducible components of the support of T V in terms of geometry of T t ,p p
Ž .where t X is a generic point. T t is a three-dimensional quadric hypersurfacep
over  . We find also some equivalence relations on this set of irreduciblep
components.
ŽThe same method can be applied to other pairs V X or more generally chains
.X  X    X of Shimura varieties, and other Hecke correspondences.n n1 1
Finally, we discuss the possibility of finding reductions at p of these irreducible
components, and of applying the BirchMazurBloch method to prove that the
AbelJacobi image of some linear combination of V and other similar curves is not
of torsion.  2001 Academic Press
Key Words: Siegel threefolds; Hecke correspondences; Shimura curves.
Notation. M and M are sets of m n- and n n-matrices, re-m , n n
spectively. For a matrix M, M t is the transpose of M.
E is the n n unit matrix;n
0 EnJ 2 n ž /E 0n
is the 2n 2n simplectic matrix.
Ž . is the Siegel upper half plane of genus 2, GSp  , X  is2 4 2
the Siegel modular threefold, and  :   X is the natural projection.2
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Ž . Ž .  t Ž .For gGSp  ,  g  is given by the formula g J g  g J .4 4 4
'Ž . Ž .K    1, 3 and squarefree is an imaginary quadratic field,
p 2 is a prime, and K p and K 1 are the ring class field of conductor p
and the Hilbert class field of K , respectively. If p splits in K then p 
is its prime decomposition.




Ž .X N Ž .X N0 0
Ž . Ž .where X N , X pN are either modular curves or Siegel modular vari-0 0
Žeties if it is necessary to distinguish these cases, we shall indicate explicitly
.the dimension of levels N, pN, respectively, and  ,  are natural1 2
projections.
0. INTRODUCTION
Essential steps of Kolyvagin’s proof of finiteness of the TateShafare-
vich group of a Weil elliptic curve E of conductor N are
Ž .1 the trace relations formula
Tr p 1 y  a y , 0.1Ž . Ž .K K p p 1
Ž .2 the reduction formula
y  fr y 0.2Ž .Ž .˜ ˜p 1
Ž 	 . Ž p.K and subsequent papers , where p is inert in K , y  E K , y p 1
Ž 1.E K are Heegner points on E, a is the pth Fourier coefficient of E,p
tilde means a reduction at a prime over p, and fr is the Frobenius map.
Ž . Ž . Ž .0.1 , 0.2 come from formulas on the modular curve X N . If all0
prime divisors of N are split or ramified at K then there exist Heegner
Ž .Ž p. Ž .Ž 1.points z  X N K , z  X N K . Let T be the Hecke corre-p 0 1 0 p
Ž .spondence on X N . Then0
T z  g z 0.3Ž . Ž . Ž .Ýp 1 p
p 1Ž .gGal K K
for p inert in K and
T z  g z 
  z 
 1 z 0.4Ž . Ž . Ž . Ž . Ž .Ýp 1 p 1 1
p 1Ž .gGal K K
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for p split in K ,
z  fr z , 0.5Ž .Ž .˜ ˜p 1
Ž . Ž . Ž .where both parts of 0.3 , 0.4 are divisors on X N , the sums are formal0
Ž 1 .sums of points, and Gal K K is an element that corresponds to 
Ž .p  in K via the Artin reciprocity map.
Ž .The purpose of the present paper is to give a proof of analogs of 0.3 ,
Ž . Ž .0.4 for Siegel modular threefolds and curves on them: X N , z are0 1
substituted by a threefold and a curve on it, respectively. We give also for
Ž .these objects a ‘‘naive’’ analog of 0.5 and we discuss the possibilities of
Ž .getting a strict analogue of 0.5 , and of applying the BirchMazurBloch
method to this situation.
ŽMore exactly, let X be a Siegel threefold the moduli space of Abelian
. Ž .surfaces , let V X be a curve depending on K parametrizing Abelian
Žsurfaces whose endomorphism algebra is larger than  these surfaces can
.be sums of two elliptic curves, or surfaces with quaternion multiplication ,
and let T be a Hecke correspondence on X that corresponds to a matrixp
E 02 ,ž /0 pE2
Ž .so T V is a one-dimensional cycle on X.p
Ž .For a generic point t X, T t is a set of points which can be identifiedp
4Ž .with a quadric hypersurface in P  . We denote this hypersurface by S.p
Moreover, if t V is a generic point of V, then the irreducible compo-
Ž . Ž . Ž .nents of T V define a partition of T t and hence a well-definedp p
partition of S,
S S i , S i  S j , 0.6Ž . Ž . Ž . Ž .
iI
where I is a set of indices. Roughly speaking, two elements of S belong to
Ž . Ž .one S i iff 2 corresponding points of T t belong to one irreduciblep
Ž .component of T V ; hence I is the set of irreducible components ofp
Ž .T V . For i I we denote by V the corresponding irreducible compo-p i
Ž .nent of T V . See Section 3A for the exact statements.p
Ž . Ž .A description of the partition 0.6 Theorems 0.7, 3.6, 3.7 is one of the
main results of the present paper. We find also some equivalence relations
Ž .on I Section 4C , and we find some preliminary information about
Ž . Ž .reductions of irreducible components of T V Section 9 .p
ŽThe following objects enter in the statement of theorems see 6.1.2 for
.the exact definition of the objects below . First, there exists a distinguished
4Ž .projective plane A  P  . Further, let us consider a pencil of projec-2 p
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4Ž .tive 3-spaces in P  that contain A . The set of these 3-spaces isp 2
1Ž . Ž .isomorphic to P  , and we denote by B a a 3-space that correspondsp 3
1Ž .to a P  . Further, we denote a conic curve A  S by C and ap 2
'Ž . Ž . Ž .quadric surface B a  S by Q a . We consider the case K  1 ,3'Ž .  3 , although clearly most results are valid without this restriction.
THEOREM 0.7. Let p be inert in K , let V be one of the two cures V , V1 2
1Ž .  4on X defined in Section 1. We hae I P   c , where c is an element,p
Ž . 1Ž . Ž . Ž .S c  C, and for a P  , S a Q a  C.p
Ž . Ž .0.8. Remarks. 1 One half of the quadrics Q a are ellipsoids; the
other half are hyperboloids. The corresponding irreducible components of
Ž . Ž .T V have different types of reductions; see 9.1.6 .p
Ž . 1Ž .2 If p splits in K then there exist two values of a P p
Ž . Ž . Ž .denoted by q and q such that Q q , Q q are cones. Thanks to the
existence of these cones the statement of Theorem 0.7 for the case of split
p is slightly more complicated; see Theorems 3.6 and 3.7. We indicate only
Ž . Ž .that in this case there are two elements i q, 0 , i q, 0 of I such that both
Ž Ž .. Ž Ž ..S i q, 0 , S i 1, 0 contain only one point	the vertex of the cones
Ž . Ž .Q q , Q q , respectively. The corresponding irreducible components of
Ž . Ž . 1Ž . Ž . Ž .T V are natural analogs of the terms  z ,  z in 0.4 . Really, 0.4p 1 1
Ž .  Ž .implies that in the one-dimensional case there exist points z Np , z Np1 1
Ž . Ž Ž .. Ž  Ž .. Ž Ž .. Ž . X Np such that  z Np   z Np  z ,  z Np   z ,0 1 1 1 1 1 2 1 1
Ž  Ž .. 1Ž . Ž .  Ž . z Np   z . It is easy to see that z Np , z Np are Heegner2 1 1 1 1
Ž .points of conductor 1 on X Np .0
An analogous result holds in the case under consideration: irreducible
1Ž . Ž . Ž . Žcomponents of  V that correspond to vertices of Q q , Q q see1
.Section 3A for the exact definitions are natural analogs of Heegner points
Ž .and hence can be called Heegner curves on X p .0
Ž .3 An essential difference with the one-dimensional case is the
following: while z is defined over K 1 and z is defined over K p, all1 p
Ž .curves V, V i I are defined over . This phenomenon occurs only ini
Ž Ž .. Žthe case of genus 2. The ‘‘action’’ of  S i on I see the end of Section
. Ž p 1.4C can be considered as an analog of the Gal K K -action on I for the
cases g 1, g 3.
Ž .4 It is interesting to find analogs of the results of the present paper
for other Shimura varieties and other Hecke correspondences. For exam-
ple, the case of another generator of the algebra of Hecke correspon-
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dences on X, which is defined by the matrix
1 0 0 0
0 p 0 0
,20 0 p 0	 0
0 0 0 p
is not yet investigated.
Further, it is possible to treat the action of a Hecke correspondence T
Ž .on any chain X  X    X  X of irreducible components ofn n1 1
Ž .Shimura varieties of fixed level . We denote by S the set of irreduciblei
Ž .components of T X . The Galois group acts on S , and we have naturali i
surjections S  S preserving Galois. For example, the main result ofi i1
the present paper can be interpreted as a description of the surjection
 4S  S for the chain t  V X, where t X is a CM-point, and3 2
S  S is the canonical surjection S I.3 2
Ž .5 In the present paper only the case of level 1 and one type of
curve V is treated completely. In fact, for all levels and types of curves
V X there are analogous results.
Ž .6 Although it seems that the proofs of the present paper essen-
tially use the existence of the explicit description of elements of the
Ž Ž . Ž ..reductive group G that corresponds to V formulas 1.2 , 1.3 whichV
does not exist for the case of higher genera, this is not so. In a forthcoming
 	paper L2 I obtain an analog of Theorem 0.7 for the case of genus 3. Its
Ž .rough statement is the following. Let X be the Siegel sixfold genus 3
of level N such that all primes of N are split in K. Attached to K are an
irreducible surface V X and a corresponding reductive group G V
Ž .GU 2, 1 	analogs of V and G of the present paper. V is defined overV
K 1. T is a Hecke correspondence on X given by the matrixp
E 03 .ž /0 pE3
 	 Ž .THEOREM 0.9 L2 . Let p be inert in K. Then T V W W  V p 1 2 1
V , where for i 1, 2 W is an irreducible surface defined oer K 1, and2 i
Ž . Ž . ŽV  K G  G  are Shimura subarieties of X in the sense ofi i V  V
.Deligne, with fixed leel subgroups K . Each V has p
 1 irreduciblei i
p Ž p 1.components defined oer K , and Gal K K acts simply transitiely on the
set of these components.
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Contents of the Paper
Section 1 contains a definition of V and an explicit description of the
inclusion G GSp . In Section 2 we describe the set S of images of aV 4
generic point t X under the action of T . In Section 3 we define ap
partition of S given by the action of T on V, and we give the exactp
statements of theorems. In Section 4 we describe explicitly an equivalence
relation on S given by the above partition, as well as some related
equivalence relations. Further, we introduce and describe an equivalence
Ž .relation on I Section 4C . In Section 5 we give a general idea of the proof
of Theorems 0.7, 3.6, 3.7; exact calculations are given in Sections 6 and 7.
 ŽIn Section 8 we find degrees of the projections  see Section 3A for theiri
.definition using similar calculations. Finally, Section 9 contains some
results about reductions of curves V at p, and possibilities of newi
investigations are discussed.
The first version of the present paper was started during my stays at the
Tata Institute of Fundamental Research, Bombay, India, and the Institute
of Experimental Mathematics, Essen, Germany. It was appeared as a
 	 Ž .preprint L1 . New results Sections 4B, 4C, 8, 9 were obtained during my
Žstays at the Universidad Autonoma de Barcelona, IRMAR Universite de´
.Rennes I and IHES, Paris. I am grateful to G. Prasad, G. Frey, E. Nart,
and B. Edixhoven for these kind invitations. Numerous discussions with B.
Edixhoven of ideas of new investigations described in Sections 9.2 and 9.3
were very important. I am grateful to Yu. Zarhin who has read the first
version of the present paper and has given some important remarks, and to
T. Berry for some linguistic corrections.
1. DEFINITION OF V
There are many ways to define irreducible components of Shimura
 	curves on a Siegel threefold; here we follow Ko . All subsequent defini-
tions depend on  rather than K. For a ring A we define
L A  MM A M tM , MJ M M .Ž . Ž . 42,  4 4
Ž .Elements of L  should be considered as matrices of quadratic forms.2, 
Ž .For M L  we define a curve C   as a one-dimensional part of2,  M 2
zz Ez   M  02Ž .2½ 5Ež /2
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Ž  	 .see Ko for a condition C  . Further, a group G is defined asM M
follows:
G  
GSp   
 tM
  
 M .Ž . Ž . 4M 4
The action of elements of G on  preserves C .M 2 M
Ž .For M L  we set  G  .  acts discontinuously on C ,2,  M M M M
Ž .and we denote V   C ; it is isomorphic to  C  X. These areM M M M
exactly the curves under consideration.
In practice, we shall consider only two matrices M,
1 0 0 0 1 0 0 0
0 1 0 0 0  0 0M  , M 1 20 0  0 0 0  0	 0 	 0
0 0 0  0 0 0 1
and respectively two curves V  V , V  V . Later we shall refer to1 M 2 M1 2
these curves as Types I, II, respectively. Complete calculations are given
only for Type I; Type II is analogous, and we give only a few formulas for
it. Since V V or V V is our principal object, we shall denote C ,1 2 M
G ,  by C , G ,  respectively.M M V V V
ŽPROPOSITION 1.1. Abelian surfaces that correspond to points of C resp.V1
. ŽC are isogeneous to sums of two elliptic cures resp. are fake ellipticV2
.cures; i.e., their endomorphism algebra is a quaternion algebra .
Proof. This is a straightforward calculation. For Type I, z C  zV1
a b 2 2 a bŽ . Ž . , z , a  b . For Type II, z C  z  , z ,2 V 2b a b a2
a2  b2 1. Corresponding Abelian surfaces are 2D, where lattices
D are generated by vectors
e  1, 0 , e  0, 1 , e  a, b , e  b , a Type IŽ . Ž . Ž . Ž . Ž .1 2 3 4
and
e  1, 0 , e  0, 1 , e  a, b ,Ž . Ž . Ž .1 2 3
e  b , a Type II .Ž . Ž .4
2 Ž . Ž .The decomposition   1, 1  1,1  shows that Type I Abelian
surfaces are isogenous to sums of two elliptic curves. Type II Abelian
surfaces have two endomorphisms given in the basis e , e by matrices1 2
0   a bŽ . Ž ., . These two endomorphisms generate a quaternion alge-1 0  b  a
bra.
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Subsequent calculations are based on the fact that for the case of genus
Ž .2 it is possible to give explicit formulas for the inclusion G GSp  .V 4
The formulas are the following. Let a , . . . , a , u , u . We denote1 4 1 2
for Type I
a a a a1 2 3 4
a a a a2 1 4 3g a , . . . , a Ž .1 4 a a a a3 4 1 2	 0a a a a4 3 2 1 1.2Ž .
 a , . . . , a  a2  a2 
 a2  a2Ž .1 1 4 1 2 3 4
u 0 u 01 2
0 u 0 u1 2h u , u Ž .1 2 u 0 u 02 1	 00 u 0 u2 1 1.3Ž .
 u , u  u2
 u2Ž .2 1 2 1 2
and for Type II
a a a a1 2 3 4
a a a a2 1 4 3g a , . . . , a Ž .1 4 a a a a3 4 1 2	 0
a a a a4 3 2 1
1.4Ž .
 a , . . . , a  a2  a2 
 a2  a2Ž .1 1 4 1 2 3 4
u 0 u 01 2
0 u 0 u1 2h u , u Ž .1 2 u 0 u 02 1	 00 u 0 u2 1 1.5Ž .
 u , u  u2
 u2 .Ž .2 1 2 1 2
Ž . Ž . Ž . Ž ŽFor both types we have g a , . . . , a , h u , u GSp  and  g a ,1 4 1 2 4 1
.. Ž . Ž Ž .. Ž .. . . , a   a , . . . , a ,  h u , u   u , u . We denote the sub-4 1 1 4 1 2 2 1 2
Ž . Ž Ž ..groups generated by all g a , . . . , a resp. h u , u with  0 by1 4 1 2
G , H , respectively.V , 0 V
PROPOSITION 1.6. G and H are subgroups of G such thatV , 0 V V
Ž .1 H is the center of G ;V V
Ž .2 G H G , G H is the group of scalar matrices;V , 0 V V V , 0 V
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Ž .  Ž . 43 H  
G  z C 
 z  z ;V V V
Ž .  Ž .4 H is isomorphic to  and G is isomorphic to GL  .V V , 0 2
 	 ŽProof. This is Ko, Proposition 2, p. 414 more exactly, it follows from
.its proof . Namely, this proof contains a construction of isomorphisms  :M
Ž . ŽG GU 1, 1, and  : C D D is the unit disk in ; inV M V 1, 1 1, 1
 	 Ž . .notations of Ko , G is GSp  and C is C .  and  areV 4, M V 2, M M M
Ž .compatible with the actions of G on C and of GU 1, 1, on D . TheV V 1, 1
explicit formula for  is given in the end of the proof. Namely, letM
E 01 E iE 22 2

  , 
  and0 M1ž / 'E iE ž /1
 i 0  E2 2 2
1 0 0 0
'0  0 0

  .M2 '0 0  0	 0
0 0 0 1
ŽThen gG z , . . . , z  such that bar means the complex conju-V 1 4
.gation
z 0 0 z1 2





  1.7Ž . Ž . Ž .0 M 0 Mi i 0 z z 02 1	 0
z 0 0 z3 4
Ž 	 .for i 1, 2 Ko , p. 416, line 4 . Then we have
def z z1 2 g  1.8Ž . Ž .Mi z zž /3 4
 	 Ž .Ko, p. 416, line 6 . It is well known that GU 1, 1, is a product of
subgroups
x ydef
GU 1, 1,  , 1.9Ž . Ž .0 ž /y x
   where x, y, x  y , and
x 0H  , 1.10Ž .ž /0 x
where x.
DMITRY LOGACHEV316
1Ž Ž . . 1Ž . Ž .Now we let G   GU 1, 1, , H   H . Formulas 1.2 ,V , 0 M 0 V Mi i
Ž . Ž Ž . Ž .. Ž . Ž . Ž . Ž Ž . Ž .1.4 resp. 1.3 , 1.5 follow from 1.7 , 1.8 , and 1.9 resp. 1.7 , 1.8 ,
Ž .. Ž . and 1.10 ; an explicit formula 1.2 is written also in the end of Ko,
	Chap. 3 .
 Ž .H is a subgroup of GU 1, 1, of all elements that act trivially on D .1, 1
Ž .Compatibility of  with this action proves 3 .Mi
2. ALGEBRAIC STRUCTURE ON S
Let us recall a definition of the Hecke correspondence under considera-
tion. Let
E 02
 siž /0 pE2
be a coset decomposition of the double coset. For t X let z  be its2
1Ž . Ž . Ž Ž ..lift; i.e., z  t . Then T t Ý s z as a 0-cycle on X.p i
An explicit description of the above coset decomposition is well known
Ž  	.see, for example, A, Lemma 3.3.32 . Denote
p 0 0 0 1 0 k 0
0 p 0 00 p 0 0
  ,  k  ,Ž .1 2 0 0 p 00 0 1 0	 0 	 0
0 0 0 1 0 0 0 1
p 0 0 0
l 1 0 m
 k , l  , 2.1Ž . Ž .3 0 0 1 l	 00 0 0 p
1 0 k l
0 1 l m
 k , l , m  ,Ž .4 0 0 p 0	 00 0 0 p
Žwhere 0 k, l, m p. We denote a set containing one element  resp.1
Ž . Ž . Ž .. Ž .sets of elements  k ;  k, l ;  k, l, m by S resp. S ; S ; S and we2 3 4 1 2 3 4
let SS .i
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LEMMA 2.2. S is a set of representaties of cosets:
E 02
  s.s Sž /0 pE2
For any z  we denote by WW the group of points of order p of2 z
the Abelian surface that corresponds to z and by  the skew symmetric
form on W that comes from the principal polarization form on this
Ž . Ž .Ž .Abelian surface. Let G 2, W G 2, 4  be the Grassmann variety ofp
5Ž . Ž 2Ž ..affine planes in W ; it is a quadric hypersurface Q in P   P  W .5 p
Planes that are isotropic with respect to  form a subvariety of Q that we5
denote by Q .4
S is isomorphic to Q . An explicit isomorphism : SQ is described4 4
 4  4as follows. We choose an  -basis e  e , . . . , e of W such that thep 1 4
 4 Ž . Ž .matrix of  in e is J . For s S we denote by f s k 1, 2 an4 k
 4element of W whose row of coordinates in e is a row of the matrix s
Ž . Ž . Ž .which is not 0 mod p there are exactly two such rows . f s , f s1 2
generate an isotropic plane in W, i.e., an element of Q , which is by4
Ž .definition  s . We shall identify S and Q via .4
Ž . Ž 2Ž .. Ž .Now for s S we find coordinates of  s in P  W . Using 2.1 we
get
f   0, 0, 1, 0Ž . Ž .1 1
f   0, 0, 0, 1Ž . Ž .2 1
f  k  1, 0, k , 0Ž . Ž .Ž .1 2
f  k  0, 0, 0, 1Ž . Ž .Ž .2 2
f  k , l  0, 0, 1, lŽ . Ž .Ž .1 3
2.3Ž .
f  k , l  l , 1, 0, mŽ . Ž .Ž .2 3
f  k , l , m  1, 0, k , lŽ . Ž .Ž .1 4
f  k , l , m  0, 1, l , m .Ž . Ž .Ž .2 4
Ž .We denote by c 1   4 the coordinate functions with respect
2Ž .to a basis e  e of  W . The equation of Q is c c  c c 
  5 12 34 13 24
 4 4 4c c  0. Recall that if Ý d e , Ý d e is a basis of a plane in W,14 23 i1 1 i i i1 2 i i
Ž .then the c -coordinate of the corresponding element of G 2, W is
d d1 1
det .
d dž /2 2
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Ž . Ž .Using 2.3 we get the following table of coordinates of  s , s S:
TABLE 2.4
Element c c c c c c12 13 14 23 24 34
 0 0 0 0 0 11
Ž . k 0 0 1 0 0 k2
2Ž . k, l 0 l l 1 l m3
2Ž . k, l, m 1 l m k l km l4
Thus S is a hyperplane section of Q : SQ  V Q , where V is5 4 5 5 5
2Ž 4. 4Ž .a hyperplane in   given by the equation c 
 c  0, and P  ofp 13 24 p
Ž .the Introduction is P V .5
3. STATEMENT OF THEOREMS
A. Formalism of Correspondences
A restriction of T to V can be considered as a linear combination ofp
correspondences T  T between V and curves V  X,V , i p, V , i i
T   T , 3.1Ž .ÝVp i V , i
iI
where I I is some set of indices and  are multiplicities. Some curvesV i
V can coincide but all T are, by definition, different. We denote thei V , i
graph of T by   V V and projections   V,   V byV , i V , i i V , i V , i i
   ,     .i V , i i V , i
For i I we define a set J asi
T   Ž . ÝV , i i , j
jJi
Ž .equality of divisors on V ; here  is a generic point of V,   V ,i i, j i
J  deg  . Let J be a disjoint union of all J and let  : J I be ai i i
canonical projection. Then
T     3.2Ž . Ž .Ýp  Ž j.  Ž j. , j
jJ
Žthe sum is the formal sum of points considered as zero-dimensional cycles
.on X . Let z  be a lift of  ; then by definition of the Hecke2
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correspondence
T    s z . 3.3Ž . Ž . Ž .Ž .Ýp
sS
Ž . Ž . Ž .Comparing 3.2 and 3.3 we get a map  : S J depending on  , z such
Ž 1Ž ..that for j J  J   j   . In particular, if all  are 1 then  isi i i
an isomorphism. In this case it is reasonable to identify S and J via  and
1Ž . Ž . Ž .to denote  J by S i , so the sets S i form a partition of S.i
1Ž .A map   : S I depends on a choice of   V and z   . It
Ž Ž ..is easy to check that if z C then for s S we have V   s C ,V    Ž s. V
Ž Ž . Ž Ž ...and   V V is a set of pairs  z ;  s z for allV ,    Ž s.    Ž s.
z C . This is a canonical definition of   ; it does not depend on aV
Žchoice of representatives of cosets. We denote V resp. T ,   Ž s. V ,    Ž s.
. Ž . Ž Ž . Ž . Ž .. ,  by V s resp. T s ,  s ,  s .V ,    Ž s.    Ž s.
B. Theorems
Ž .Let us consider the following conditions F , R i 1, 2 on p, :i i

2 2 iŽ .F : b , b  0  such that b 
 b  p ;i 1 2 1 2

iŽ . Ž .R : k such that 4 p  k k is a perfect square, where k 0i
mod p and k 0 mod 4 if  2, 3 mod 4, k 0 mod 2 if  1 mod 4.
 4Remark 3.4. F  R  R , F  F  R  p splits in K . Let1 1 2 1 2 2
 i 4  p in K. If  2, 3 mod 4 then F   is a principal ideal .i
Throughout this section we consider three cases:

 Ž . Ž .Case 1. 1 i.e., p is inert in K ;p

 Ž . Ž . Ž .Case 2.  1 i.e., p splits in K and F is false;2p

 Ž . Ž .Case 3.  1 and F is true.2p
ŽRemember that a smooth quadric surface over  is an ellipsoid resp. ap
. Ž .2hyperboloid if its straight lines are defined over  resp. over  . Inp p'Cases 2 and 3 we denote q    . S, A , and quadric surfacesp 2
Ž . Ž Ž . .Q k see 6.1.2 and definitions of Theorem 0.7 satisfy the following
elementary
Ž . Ž .Property 3.5. Quadrics Q 	q are cones; one half of the quadrics Q k
Ž 1Ž . .k P  , k	q are ellipsoids and the other half are hyperboloids:p





Ž . Ž .Denote vertices of Q 	q by s 	q, 0 , respectively.
Throughout the paper let 	1, t 1, 0,1.
Now we can formulate an analog of Theorem 0.7 for the Cases 2 and 3,
for both curves V , V . In these statements sets and maps I, J,  ,  will1 2
bear a subscript corresponding to the number of the case under considera-
1Ž .  4tion; for example, Theorem 0.7 states that I  P   c .1 p
THEOREM 3.6. In Case 2,
Ž .3.6.1 All  are 1.i
Ž .3.6.2 I and  enter in the commutatie diagram2 2
where  is an epimorphism and for x I :1 1

1Ž . x is 1 point if x	q1

1Ž . x is 3 points if x	q.1
1Ž . Ž . Ž Ž ..Points of   q are denoted by i  q, t and the sets S i  q, t are1
Ž . Ž .denoted simply by S  q, t . They form a partition of Q  q  C.
Ž . Ž . Ž .THEOREM 3.6 continuation . 3.6.3 S  q, 0 consists of one point
Ž .s  q, 0 .
Ž . Ž .. Ž 2 .3.6.4 S  q,	 1  p  1 2.
Ž . Ž .The sets S  q,	 1 are defined in 6.1.3 .
Ž .Figure 1 illustrates the partition SS i . The picture contains the
projective plane A , the conic curve C on it, one ellipsoid and one2
Ž .hyperboloid as examples of sets S i , and two cones.
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FIGURE 1
THEOREM 3.7. In Case 3, for both cures V , V :1 2
Ž .3.7.1 I , J ,  , and  enter in the commutatie diagram3 3 3 3
Ž . Ž .where  resp.  is an epimorphism injectie except at two points i q, 02 3
Ž . Ž Ž Ž .. Ž Ž ...and i q, 0 resp.  s q, 0 and  s q, 0 .2 2
Ž Ž ..This means that if we denote  i 	q, 0  I by  then2 3
Ž .3.7.2 For i  we hae   2; for other i we hae   1.i i
COROLLARY 3.8. In Case 1, T is a sum of p
 2 correspondencesVp
1Ž .T , T , T , . . . , T , T . deg  p
 1, and for k P V , c V , 0 V , 1 V , p1 V ,  c p
2 Ž 2 . Ž . Ž .deg  p  p resp. p 
 p if Q k is an ellipsoid resp. a hyperboloid .k
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In Case 2, T is a sum of p
 6 correspondences T , T , T , . . . ,Vp V , c V , 0 V , 1
ˆ ˆT , . . . , T , . . . , T , T , T . deg , deg for k	q areV , q V ,q V , p1 V ,  V , iŽ q, t . c k
Ž 2 .the same as in Case 1; deg  p  1 2 and T are isomor-iŽ q, 	1. V , iŽ q, 0.
phisms.
Case 3 is analogous to Case 2, and T  T .V , iŽq, 0. V , iŽq, 0.
Ž .THEOREM 3.9. 1 In all cases V  V.c
Ž .2 If R holds then V  V .2 iŽq, 0. iŽq, 0.
Ž . Ž3 If R holds then V  V  V and V  V t1 iŽq, 0. iŽq, 0. iŽq, t . iŽq, t .
.	1 .
Ž .4 F  T  T are identical correspondences.1 V , iŽq, 0. V , iŽq, 0.
Ž .5 There is not other coincidence of cures V and V.i
THEOREM 3.10. deg   p
 1. For all other i I deg   1.c i
Ž . Ž .Remark 3.11. 1 3.7.1 can be formulated as follows: F  T 2 V , iŽq, 0.
T .V , iŽq, 0.
Ž .2 It is possible to show that if R holds then T are Fricke1 V , iŽ	 q, 0.
involutions on V.
Ž .3 The definition of the curve V is not natural if  1 mod 4. In
this case there exists another curve V  X for which the conditions F arei
  i 4replaced by the conditions F :  is a principal ideal .i
4. EQUIVALENCES
A. Definition of Fie Equialence Relations on S
ŽDEFINITION 4.1. Let s , s  S. s is called weakly resp. strongly, abso-i j i
.lutely, 0-weakly, 0-strongly equivalent to s ifj
s  s1  , 4.2Ž .i j
Ž .where G resp.  H , H , G  G .V V V V V , 0 V V , 0
Ž .Remark 4.3. 4.2 is clearly equivalent to the condition s  s i j
of coincidence of double cosets and hence does not depend on a choice of
representatives s , s .i j
0-equivalences are introduced only for calculational reasons.
Ž . Ž . Ž .PROPOSITION 4.4. 1 s is strongly equialent to s iff   s   si j i j
Ž Ž . Ž . . T s  T s ; i.e., I is a quotient set of S modulo strong equialence .i j
Ž . Ž . Ž .2 s is weakly equialent to s iff V s  V s .i j i j
Ž . Ž .  43  s  s  S  s is absolutely equialent to s .i i
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Ž . Ž . 14 V s  V iff G s  .V
Ž . Ž . 15 T s is the identical correspondence iff H s  .V
Ž . Ž . Ž .Proof. 1 Let s , s  S be elements such that T s  T s , let x Vi j i j
Ž .Ž .be a point such that T s x has no multiple points, and let t C be ai V
Ž .Ž . Ž Ž .. Ž .Ž . Ž .Ž .lift of x. Then T s x   s  t as a set. Equality T s x  T s xi i V i j
Ž Ž .. Ž Ž ..implies that   such that  s t   s  t . This means thatV j i
Ž . Ž .
  such that 
 s t  s  t , orj i
t s1
1s  t . 4.5Ž . Ž .j i
Argument 4.6. It is easy to see that   , 
  such that  t CV V
Ž . Ž .4.5 is true. In fact, for a given pair  , 
 the set of t C such that forV
Ž . Ž .these  , 
 4.5 is true is closed; C is the union of these closed sets;V
hence it coincides with one of them.
Ž .The set of elements of GSp  acting identically on C is H ; hence4 V V
Ž . Ž . 1 14.5 and 4.6 imply that s 
 s H . This is exactly the condition ofj i V
strong equivalence of s and s .i j
It is easy to check that all arguments above are invertible; hence the
converse is also true.
Ž . Ž . Ž . Ž . Ž Ž ..2 Let V s  V s . We have V s   s C . This means thati j j j V
 Ž Ž .. Ž Ž .. t C  t  C such that  s t   s t ; hence 
  such thatV V i j
Ž . Ž . Ž .
 s t  s t . Using the same arguments as in 4.6 we see that 
 i j
 Ž . Ž . 1 t C  t  C such that 
 s t  s t , so a map s 
 s sends C toV V i j j i V
C ; i.e., s1
 s G . This is exactly the condition of weak equivalence ofV j i V
s and s .i j
Again the converse is true because all arguments above are invertible.
Ž . Ž Ž .. Ž Ž .. Ž3 If s , s  S and  t C  s t   s t then using thei j V i j
Ž .. Ž . Ž .same arguments as in 4.6 we see that 
   t C 
 s t  s t , orV i j
s1
 s H ; i.e., s and s are absolutely equivalent. It is clear that thej i V i j
Ž Ž Ž ..converse if s and s are absolutely equivalent then  t C  s t i j V i
Ž Ž ... s t is also true. If s is not absolutely equivalent to s then therej i j
Ž Ž .. Ž Ž ..exists an open set of t C such that  s t   s t .V i j
1Ž .This means that there exist   V, t  x  C such thatV
Ž . Ž .a The divisor Ý T x has no multiple points;i I V , i
Ž .  Ž Ž .. Ž Ž .. b for s  S  s t   s t iff s is absolutely equivalent to s.
Ž . Ž Ž ..Then according to b and the definition of T , the point  s t hasp
 4 Ž .multiplicity  s  S  s is absolutely equivalent to s in T x . Accordingi i p
Ž . Ž . Ž .a and the formula 3.1 , this multiplicity is  s .
Ž . Ž .We omit proofs of 4 and 5 because they are completely analogous.
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B. Formulas for the Degree of the Projection  :   V for i I.i V , i i
It is well known that T is a symmetric correspondence; this means thatp
there exists a map : S S having the following property:
  Ž . 1Ž .  1Ž .4.7. If t, t  X such that t  T t , z  t , z   t are theirp
 Ž . 
 1Ž .lifts on  and z  s z for s S, then there exists z   t such that2

 Ž .Ž .z   s z .
To see this, it is sufficient to choose
 s  ps1 ; 4.8Ž . Ž .
Ž . Ž . Ž .looking at 2.1 we see that s S there exists  s  S satisfying 4.8 .
Ž .1Ž .We apply Proposition 4.4 to V . We choose and fix s   i i
Ž . Ž . S i . V is an irreducible component of the cycle T V , and deg  p i V , i
Ž . Ž Ž ..deg  , where j    s  I .V , j V Vi i i
Ž .We denote C  s C . We have:V Vi
def 1Ž .  Ž . Ž . 41 G  gGSp   g C  C  sG s ;V 4 V V Vi i i
Ž . Ž Ž .Ž Ž ...2 V   s s C .V
Hence, we get
PROPOSITION 4.9. deg   the number of elements in S which areV , ji
Ž .4 1V -strongly equialent to  s   .i
Further, we have:
1  1s is V -strongly equivalent to  s  s s H s  s  ,Ž . Ž .i V V
or g  H , such that ssg p. Hence,V V
    4 1deg   s  S  g  H such that s sg p   . 4.10Ž .V , i V V
There is another method to find deg   for i I. Let us fix an elementi
Ž . Ž Ž ..s S i and a generic point t  V . Since  s C  V , there exists1 i V i
Ž Ž .. Ž . Ž .z C such that  s z  t . We denote t  z , so t, t   .V 1 1 V , i
 Ž  . Let t  V be a point such that t , t   . We denote by z a -lift1 V , i
  Ž . Ž Ž ..of t on C . This means that s  S i such that  s z  t . This isV 1
Ž . Ž .  1 Ž .equivalent to a condition: 
  s z  
 s z , or z  s 
 s z ; i.e.,
s1
 sG .V
1 1  Ž  .Two elements s 
 s, s 
 s correspond to the same t  V iff g z1 1 2 2 1
 z for some g  ; i.e., gs1
 s s1
 s. So, we have2 V 1 1 2 2
 1deg    s sG . 4.11Ž .i V Vž /
 Ž .sS i
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C. An Equialence Relation on I
We can treat the above equivalences from a slightly different point of
view, obtaining another proof of Proposition 4.4. Namely, we consider
congruence subgroups of 
 4 p  
  
 1 mod pŽ .
A B
 p  
 C 0 mod pŽ .0 ½ 5ž /C D
Ž . Ž .and Siegel varieties X p , X p corresponding to these subgroups, to-0
gether with the projection maps
 0 1
X p X p X .Ž . Ž .0
Ž . Ž .We denote   by  and the quotient group  p  Sp  by1 0 4 p
Ž .p. We can identify the set of cosets  p  with S, and p acts on S0
from the right.
symmŽ .The ‘‘open part’’ S of S is M  ; an isomorphism i: S 4 2 p 4
symm k lŽ . Ž Ž .. Ž .M  is given by the formula i  k, l, m  . The restriction on2 p 4 l m
S of the action of p is given by the standard formula: for s S , 
4 4
A B 1Ž . Ž . Ž . Ž Ž . . Ž Ž . .GSp  we have i s
  i s B
D i s A
 C .4 pC D
Ž .In order to get the description of T V by the other way, we find, first,p
1Ž . 1Ž . 1Ž . V and, second,  V . Let  V  V be its decomposi-1 j j
1Ž .tion as a union of irreducible components. For a generic t X  t is a
p-principal homogeneous space. Let us fix one irreducible component,
1Ž .say V , let t V, and let t  V   t be its fixed lift. We can1 p 1
associate them a subgroup  of p as follows:
 
 p  
 t  V . 4Ž .p 1
Ž . Ž .It is easy to see that V  V and    p , where  p   1 V V V V
Ž . Ž . Ž . p G   p . So,  is a set of cosets p .V
1Ž .Further, I is the set of irreducible components of  V . The above1
consideration shows that I is the quotient set of the action of  on S from
the right. It is easy to check formally that this description of I as a set of
Ž .double cosets  p  coincides with the one given in Section 4A.0
Let now A be an arbitrary -invariant subset of S. We can associate to
A the following subsets of p:
 4G A  g p  Ag AŽ .1
 A  g p  g g1 G A .Ž . Ž . 41
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Ž . Ž . Ž . Ž . Ž .We have: G A is a subgroup of p, G A   , G A  A  A ;1 1 1
Ž . Ž . Ž .i.e.,  A is a union of cosets of G A , g A  Ag is an -invariant1
Ž .set, and if A, B are -invariant subsets of S, then the relation g A
such that B Ag is an equivalence relation, and the set of subsets of S
which are equivalent to A is in 11 correspondence with the set of
Ž . Ž .G A -cosets in  A .1
Using Theorems 0.7, 3.6, 3.7, it is easy to find G ,  and the equivalence1
Ž .relation for the sets S i . We give here a sketch of the procedure for the
case p is inert in K. It is more convenient to treat S as a set of zeros of a
Ž .quadratic form B on V and identify p Sp  with the orthogonal5 4 p
Ž .group O B . We can use a linear change of coordinates such that e , . . . , e1 5
is a basis of V , A is the linear envelope of e , e , e , and the matrix of B5 2 1 2 3
in e , . . . , e is E . We denote1 5 5
 0O  gO B  g ,Ž .3, 2 ½ 5ž /0 
 0
O  gO B  g ,Ž .3, 1, 1 ½ 50 	Ež /2
where diagonal blocks are 3 3 and 2 2 matrices. It is clear
Ž . Ž . 1Ž . Ž Ž ..that O , G C  C O , for any a P  G Q a 3, 1, 1 1 3, 2 p 1
Ž Ž . . Ž Ž .. Ž Ž . .G Q a  C O ,  Q a  Q a  C O , and two subsets1 3, 1, 1 3, 2
Ž . ŽS i of S are equivalent iff they are of the same type elliptic or hyper-
.bolic .
5. GENERAL IDEA OF THE CALCULATIONS
Ž .We introduce some notations. Let s , s  S, g g a , . . . , a G ,1 2 1 4 V , 0
Ž .h h u , u H be elements such that1 2 V
s ghs1  . 5.1Ž .1 2
 Ž  .To prove that s and s are -equivalent for some equivalence relation1 2
Žwe shall show that such g, h belonging to subgroups corresponding to
 .-equivalence exist; to prove their non-equivalence we shall show that
Ž . 15.1 leads to a contradiction. Denote B s ghs and its entries by B ;1 2 i j
the condition B  is equivalent to the following conditions:
B   5.2Ž .i j
 a , . . . , a  u , u  1. 5.3Ž . Ž . Ž .1 1 4 2 1 2
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Here and in Section 6 we shall consider only the case h 1; i.e., we
Ž .shall classify elements of S modulo 0-equivalences. In this case 5.3
becomes
 a , . . . , a  1. 5.4Ž . Ž .1 1 4
We shall introduce the following notation for matrix rows:
b B , B , B , B , B , B , B , B , B , B , B , BŽ .11 12 21 22 31 32 33 34 41 42 43 44
b B , B , B , BŽ .13 14 23 24 5.5Ž .
a a , . . . , a .Ž .1 4
 1  Ž . Ž .We have b aD; b  aD where DM  , D M  depend on4, 12 4p
Ž . Ž .s , s . For s , s  S these matrices are given in 6.2.1 , 6.4.2 .1 2 1 2 4
Ž .Let us assume that s , s satisfy the following condition 5.6 :1 2
Ž .5.6 . All elements a , . . . , a are linear combinations of entries of b1 4
Ž Ž . .with integer coefficients  YM  such that DY E .12, 4 4
Ž . Ž .If 5.6 holds then 5.2 implies that all a are integer and 0-weak andi
0-strong equivalences for s and s coincide.1 2
 Ž .Condition b M  is equivalent to1, 4
aD  0; 5.7Ž .
Žhere and below bar means the residue modulo p later we often use the
.same notation for an element of  and its representative in  . Ifp
 Ž .deg D  0 then  i a  0 mod p. This contradicts 5.4 ; hence we havei
proved:
Ž . Ž .  5.8 If s , s satisfy 5.6 and D  0 then s is not 0-weakly equiva-1 2 1
lent to s .2
Ž . Ž .Let corank D  k 0. To satisfy 5.7 we choose k variables
a , . . . , a such that other a are their linear combinations. Substitutingi i i1 k
these linear combinations in  , we get a quadratic form in a , . . . , a with1 i i1 k
 Ž . coefficients in  ; we denote this form by  . To satisfy 5.4  mustp
represent 1; hence we have proved
Ž . Ž . 5.9 If s , s satisfy 5.6 and  does not represent 1, then s is not1 2 1
0-weakly equivalent to s .2
Now we need the following elementary
Ž . Ž .LEMMA 5.10. The residue map G  G  is surjectie.V det1 V p det1
4 Ž .In explicit terms: Let x  be an element such that  x  1 mod p. Then1
4 Ž .there exists y  such that y x mod p and  y  1.1
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COROLLARY 5.11. If  represents 1 then s is 0-strongly equialent to s .1 2
Remark 5.12. It is well known that the only quadratic forms in  thatp
do not represent 1 are forms X 2 of rank 1 where X is a linear form and
Ž .1, and the zero-form.p
Ž . Ž . Ž . Ž .Remark 5.13. If s , s satisfy 5.6 then 5.8 , 5.9 , and 5.11 give a1 2
complete answer whether s and s are 0-equivalent or not.1 2
6. CALCULATIONS: CASE h 1, I.E., 0-EQUIVALENCES
Ž .6.1. Remember that in statements of Theorems 3.6, 3.7 the sets S i
Ž . Ž .were defined for all i I except i i 	q, t , t1, 0, 1. In 6.1.3 we
Ž .define S i for these remaining values of i. The present section contains a
Ž .proof that the sets S i are equivalence classes of S modulo both 0-weak
Žand 0-strong equivalences. To do this we define a map  : I S Defini-
. Ž .tion 6.1.4 which is a section of   . We shall show in 6.3 that  i I,
Ž . Ž . Ž .s  S i  i is 0-strongly equivalent to s , and we shall show in 6.42 2
Ž . Ž .that for i , i  I, i  i ,  i is not 0-weakly equivalent to  i .1 2 1 2 1 2
As already mentioned, we consider mainly Type I. Only a few main
formulas are given for Type II; this is mentioned explicitly.
DEFINITION 6.1.1. Let P , P be the following functions on S: P 1 2 1
Ž .c 
 c , P   c 
 c for Type I and P  c 
 c , P c12 34 2 14 23 1 12 34 2 14
 c for Type II.23
DEFINITION 6.1.2. Let A be a projective plane defined by equations2
Ž . 1Ž . Ž .P  P  0 and for k : l  P  let B k : l be a three-dimensional1 2 p 3
Ž .subspace of P V defined by an equation lP 
 kP  0.5 1 2
Ž . Ž . Ž . Ž .Remember that C A  S, Q k  B k  S, S k Q k  C,2 3
Ž . Ž 1Ž . .S c  C k P  , k	q in Cases 2, 3 . Our purpose is to prove thatp
Ž . Ž .these S i , i I, are really the S i of statements of Theorems 0.7, 3.6, 3.7.
Ž . Ž Ž .Further, for s  k, l, m we denote here and below P  P s ,4 1 1
Ž ..P  P s2 2
d s  P c1  
 km l 2 for Type I,Ž . 1 12
 1
 km l 2 for Type II
n s P c1   km for Type I, k
 m for Type IIŽ . Ž .2 12
11 s P P  n s d s .Ž . Ž . Ž .2 1
1Ž .Then  : S C P  is a well-defined rational function andp
 s  k  sQ k  C . 4  4Ž . Ž .
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Ž .Elementary calculations show that quadrics Q k satisfy the Property 3.5,
Ž . Ž .and s  q, 0    q, 0,q .4
Ž . Ž .Now we define a function t s on Q  q  C as follows:
qc 
 c PŽ .12 14 2
 If qc 
 c  0 then t .12 14 ž /p
qc 
 c PŽ .12 23 2
 If qc 
 c  0 then t .12 23 ž /p
 If qc 
 c  qc 
 c  0 then t 0.12 14 12 23
Ž . Ž .Ž .1  2t s is well defined because qc 
 c qc 
 c   for all12 14 12 23 p
Ž . Ž . Ž .sQ  q  C and the only point s on Q  q  C where t s  0 is its
Ž .vertex s  q, 0 .
Ž .  Ž . Ž .4DEFINITION 6.1.3. S  q, t  sQ  q  C  t t s .
Ž .It is easy to see that the intersection of any straight line on Q  q with
p 1 2Ž . Ž Ž .. Ž .both S  q,	 1 contains points; hence  S  q,	 1  p  1 2.2
Ž .Since an ellipsoid resp. a hyperboloid, a cone, a conic curve over  hasp
2 Ž 2 2 .p 
 1 resp. p 
 2 p
 1, p 
 p
 1, p
 1 points we get that Corol-
lary 3.8 follows from Theorem 3.7.
Let us fix r, r , r   such that1 2 p
1 
 r 2Ž .
1, r  r , 
 r r  0.1 2 1 2ž /p
DEFINITION 6.1.4. Let  : I S be a map defined as follows:
Ž . Ž . 1Ž . Ž . Ž .Case 1.  k   k, 0, 0 for k P  , k .     r , 0, r ;4 p 4 1 2
Ž . c is an arbitrary fixed element in C S .4
Ž . Ž . 1Ž . Ž .Case 2.  k   k, 0, 0 for k P  , k	q, k .   4 p
Ž . Ž . Ž . Ž Ž .. Ž . Ž Ž .. r , 0, r .  c   q, 0, q .  i  q, 1    q, 0, 0 .  i  q, 0 4 1 2 4 4
Ž . Ž . Ž Ž .. Ž .s  q, 0    q, 0,q .  i  q,1    q, 0, r .4 4
Ž Ž .. Ž .We denote  i  q, t by s  q, t . It is easy to check that  i I
Ž . Ž . Ž . i  S i and in all cases  I  S .4
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 Ž .6.2. We need a matrix D for s , s  S . Let i 1, 2, s   k , l , m ;1 2 4 i 4 i i i
then for Type I
k  k l  l1 2 1 2
l  l m  k1 2 2 1D   k k  l l k l  l m1 2 1 2 1 2 1 2	 k l  k l  l l  k m1 2 2 1 1 2 1 2
l  l m m1 2 1 2
k m l  l2 1 1 2 ,k l  l m  l l m m2 1 2 1 1 2 1 2 0
 l l  k m l m  l m1 2 2 1 2 1 1 2
for Type II
k  k l  l1 2 1 2
 l   l m  k1 2 2 1D   k k   l l k l   l m1 2 1 2 1 2 1 2	 k l  k l 1 l l  k m1 2 2 1 1 2 1 2
l  l m m1 2 1 2
k  m l  l2 1 1 2 ,k l   l m 1 l l  m m2 1 2 1 1 2 1 2 01 l l  k m l m  l m1 2 2 1 2 1 1 2
and for both types
2
n s d sŽ . Ž .1 1det D  det . 6.2.1Ž .ž /n s d sŽ . Ž .2 2
Ž .Formulas and definitions of 6.1 imply
 1 4det D  0  k P  such that s Q k , s Q kŽ . Ž .Ž . 4p 1 2
 s  C s  C k P1 Ž . 1 2 p
such that s , s Q k  C 6.2.2Ž . Ž .41 2
and
Ž . Ž . Ž .6.2.3 If i , i  I, i  i , and s   i , s   i , then det D 1 2 1 2 1 1 2 2
  Ž . Ž .0 iff i  c i  c  such that both i , i  i  q,1 , i  q, 0 ,1 2 1 2
Ž .44i  q, 1 .
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Ž . Ž .6.3. To prove that  i I, s  S i  i is a 0-strongly equivalent to2
Ž .s we consider first the case i  or i i  q, 1 . More exactly, let2 p
Ž . Ž . Ž . Ž .s   i   k , 0, 0 for some k   and s   k , l , m Q k1 4 1 1 p 2 4 2 2 2 1
 S .4
Ž . Ž .We have: corank D  2; a solution of 5.7 is
a m a  l a3 2 1 2 2
a  l a 
 k a4 2 1 2 2
and
 1 2 2 2 a , a   
m  l a  2 l k m a aŽ .Ž . Ž .1 2 2 2 1 2 2 2 1 2
2 2 2
 
 l  k a . 6.3.1Ž .Ž .2 2 2
Ž .An easy calculation with using Table 2.4 and definitions of Section 6.1
shows that
 0  s  C or k   q , s  s  q , 0 . 6.3.2 4Ž . Ž .2 1 2
Now we denote
2 2 2 2 2   
m  l 
 l  k  l k mŽ . Ž .Ž .Ž . Ž .2 2 2 2 2 2 2
 qd s  n s qd s 
 n sŽ . Ž . Ž . Ž .Ž . Ž .2 2 2 2
and we have
 X 2     0. 6.3.3Ž . Ž .
This means that
 X 2  s Q q Q qŽ . Ž .2
Ž Ž ..  2and because we have s Q k   X iff k   q. Hence Corollary2 1 1
5.11 and Remark 5.12 imply the following
 Ž . 4 Ž .PROPOSITION 6.3.4. If k   q and s  Q k  C  S then  k1 2 1 4 1
is 0-strongly equialent to s .2
Let now k   q. It is easy to check that ratios of alues of functions1
1Ž 2 2 . 1Ž 2 2 . Ž . Ž . 
m  l ,  
 l  k , qc 
 c P , qc 
 c P at12 14 2 12 23 2
 Ž . Ž . Ž .all points of Q  q are squares in  . This implies that  t s and wep 2p
get the following propositions:
Ž . Ž .PROPOSITION 6.3.5. If s  S  q, 1  S then s  q, 1 is 0-strongly2 4
equialent to s .2
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PROPOSITION 6.3.6. In both cases:
Ž . Ž . Ž .a s  s  q, 1 , s  s  q,1 ;1 2
Ž . Ž . Ž .b s  s  q, 1 , s  s  q, 0 .1 2
 does not represent 1.
Ž . Ž .PROPOSITION 6.3.7.  i I, s S i  i is 0-strongly equialent to s.
Sketch of the proof. We consider cases that are not covered by Proposi-
tions 6.3.4 and 6.3.5. All calculations in these remaining cases are com-
pletely analogous to the above ones, and hence are omitted.
 1Ž . Ž . Ž .a i  P  . We have: corank D  2, rank   2 for allp
Ž .sQ   C, hence the proposition.
   2Ž . Ž . Ž .b i i  q,1 . We have: corank D  2, rank   1,   X ,
Ž . Ž .and a condition s S  q,1 is equivalent to a condition  1.p
 Ž . Ž .c i c. We have: corank D  3, rank   2 for all s C, hence
the proposition.
Ž . Ž .Remark. To simplify calculations in cases a , c it is reasonable to
Ž . Ž . Ž . Ž . Ž . Ž .replace   ,  c by     0, 0 ,  c   1, 0 .3 3
Ž .d s  S . Here we consider three cases s  S , i 1, 2, 3, and we2 4 2 i
repeat the above calculations using Table 2.4 and formulas of Section 6.1.
6.4. To get the complete answer on the question of 0-equivalences, it
remains to prove
Ž .PROPOSITION 6.4.1. Let i , i  I, i  i . Then s   i is not 0-weakly1 2 1 2 1 1
Ž .equialent to s   i .2 2
Ž . Ž .Proof. 6.2.3 , 6.3.2 , and Proposition 6.3.6 show that for all pairs
 Ž .s , s   I , s  s either det D  0 or  does not represent 1; hence1 2 1 2
Ž . Ž .according to 5.8 and 5.9 it is enough to show that these s , s satisfy1 2
Ž . Ž . Ž .5.6 . Let s   k , l , m i 1, 2 . Let us consider the matrix Di 4 i i i
Ž .D s , s :1 2
1 0 0 1 0 0 1 0 0 0 0 1
0 1 1 0 0 0 0 1 0 0 1 0
D .
k l l m p 0 k l 0 p l m1 1 1 1 2 2 2 2	 0
l k m l 0 p l m p 0 k l1 1 1 1 2 2 2 2
6.4.2Ž .
Ž . Ž . ŽCase a . k m . We have b  b  k m a , b  pa a, b1 1 1 4 1 1 3 3 3
.are from Section 5 ; hence a  . Analogously we have a  , and b3 4 1
and b show that a , a  .2 1 2
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Ž . Ž .Case b . k m . Analogously, condition 5.6 is satisfied.2 2
Ž . 2 2 2 2Case c . k m , k m , k  l  k  l . It is an easy exercise to1 1 2 2 1 1 2 2
check that all columns of E are linear combinations with integer coeffi-4
Ž . Ž .cients of columns of 6.4.2 ; hence in this case condition 5.6 is also
satisfied.
Ž .Using a list of elements of  I we see that there are only two elements
Ž . Ž . Ž . Ž .s  k, l, m   I such that km, namely  0 and  c . This pair4
2 2 2 2satisfies the condition k  l  k  l .1 1 2 2
7. CALCULATIONS: GENERAL CASE
To complete the proof of Theorems 0.7, 3.6, 3.7, 3.9, we must know for
Ž . Ž . Ž . Ž .which i , i  I elements  i ,  i are 1 weakly, or 2 strongly equiva-1 2 1 1 2
lent. Let us consider first weak equivalence. We keep notations introduced
in Section 5. The idea of the proof is the following. For most pairs s , s it1 2
is possible to represent all elements a u as linear combinations of Bk 1 i j
Ž .with half-integer coefficients 7.2.1 ; this implies that a u are half-integer.k 1
In this case the question of equivalence is reduced to the question of
Ž Ž ..0-equivalence argument 7.2.2 .
In a few other cases we can restrict denominators of a u , and condi-k l
tions B   are equivalent to some congruences for numerators of a ui j k l
2 Ž .modulo 2 p . Together with the condition 5.3 they give us necessary and
Ž .sufficient conditions for p and  when some elements of  I are weakly
equivalent.
Ž .7.1. First of all, a ‘‘symmetry’’ between G and G h 0, 1 permits usV , 0 V , 0
Ž . to assume that u  0. Namely, for g g a , . . . , a G we let g 1 1 4 V , 0
Ž 1 1 .g a , a ,  a ,  a , and let  ,  be involutions of S defined as3 4 1 2 1 2
follows:
Ž . Ž . Ž . Ž . ŽIf s  k, l, m  S then  s   k, l,m ;  s   k,4 4 1 4 2 4
.l,m .  ,  are continued S S algebraically.1 2 4
We have s , s  S, gG ,1 2 V , 0
1 0 0 0 1 0 0 0
0 1 0 0 0 1 0 01s gh 0, 1 s   s g s ,Ž . Ž . Ž .1 2 1 1 2 20 0 1 0 0 0 1 0	 0 	 0
0 0 0 1 0 0 0 1
 g   gh 0, 1 .Ž . Ž .Ž .
This means that

1 Ž . 4  Ž .For s , s  S  tG h 0, 1 such that s ts     s is1 2 V , 0 1 2 1 1
Ž .40-weakly equivalent to  s .2 2
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Involutions  ,  are compatible with the 0-weak equivalence relation1 2
on S and the induced involutions on the quotient space coincide. This
means that if s , s  S are weakly equivalent then u  0.1 2 1
7.2. We set u  1, u  
 . Elements B are linear combinations of1 2 i j
Ž . Ž .a , 
a . Let us consider first the case when s   i , s   i arei i 1 1 2 2
Ž . Ždiagonal matrices: s   k , 0, m , j 1, 2 it is so for all i I exceptj 4 j j




 a D1 3 1 3Ž . 1




 a D2 4 2 4Ž . 1
B pB B pB B B B B ,12 14 21 23 32 34 41 43Ž .
where
1 k  k 1 m m 0 1 0 11 2 1 2
k  k k m m m p k p m1 1 2 1 1 2 2 2D  ,1 k 
 k k m m m p k p m1 1 2 1 1 2 2 2	 0
1 k  k 1 m 
m 0 1 0 11 2 1 2
1 k m 1 m  k 0 1 0 11 2 1 2
k  k m m m k p m p k1 1 2 1 1 2 2 2D  .2 k 
 k m m m k p m p k1 1 2 1 1 2 2 2	 0
1 k m 1 m 
 k 0 1 0 11 2 1 2
Let us consider four logical expressions for i , i :1 2
  k k  k 	q 4Ž . Ž .1 2 1 1
  m m  m 	q 4Ž . Ž .2 2 1 1
  m  k  k 	q 4Ž . Ž .3 2 1 1
  k m  m 	q . 4Ž . Ž .4 2 1 1
Ž .We have using matrices D , D1 2
B  B  k 
 k a 
 k 
 k 
a ,Ž . Ž .33 11 1 2 3 1 2 1
pB 
 k  k B  
 k 2 a 
 
 k 2 
a ,Ž . Ž . Ž .13 2 1 11 1 3 1 1
B  pa  p
a31 3 1
HECKE ACTION ON HEEGNER CURVES 335
Ž .This means that   a  
a  . Analogously,1 3 1
  a 
 
a  Ž .2 3 1
  a  
a  Ž .3 4 2
  a 
 
a  .Ž .4 4 2
1 ŽFurther,    a , 
a   and using linear combinations of1 2 3 1 2
1.B 	 B , a 	 
a also    a , 
 a  . Analogously11 22 3 1 1 2 1 3 2
1   a , a , 
a , 
 a  ;3 4 2 4 2 4 2
hence
1     all a  . 7.2.1Ž .1 2 3 4 i 2
12Ž . Ž . Ž .Ž .7.2.2 Since  gh   a 1 
 
 , conditions a   and1 i i 2
12Ž . gh  1 imply that 
  0, , 1, or 3. Since  1, 3 and squarefree we3
have 
 0.
This means that we have proved
PROPOSITION 7.2.3. If i , i  I are elements such that    1 2 1 2 3
Ž . Ž . is true then  i is not weakly equialent to  i .4 1 2
Ž .7.3. Using the list of  i we see that     is true for1 2 3 4
all pairs i , i except the following:1 2
 Case 1. i arbitrary, i  c,1 2
 Ž . Ž . Ž .Case 2 a . i  i q, t , i  i q, t ,1 1 2 2
 Ž . Ž .Case 2 b . i  i q, t , i  c,1 2
 Ž . Ž . Ž .Case 2 c . i  i q, t , i  i q, 0 ,1 2
 Ž . Ž . Ž .Case 2 d . i  i q, 0 , i  i q, 0 ,1 2
 Ž . Ž .Case 2 e . i  i q, 0 , i  c,1 2
where t , t are 	1. All of these cases are treated quite elementary, so we1 2
give here only a sketch of the proof of one case.
Ž . Ž . Ž .PROPOSITION 7.3.1. a s q, 1 is weakly equialent to s q, 1 iff condi-
tion R holds.1
Ž . Ž . Ž . Ž . Žb s q, 1 is not weakly equialent to s q,1 and to  c Case
Ž . Ž . .2 a , t  1, and Case 2 b , t 1 .1
Ž . Ž . Ž .Proof. We have s  s q, 1   q, 0, 0 , s   1, 0, m for some1 4 2 4
m q.    is true; hence2 3 4
1a , a , 
a , 
 a  . 7.3.2Ž .2 4 2 4 2
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We denote x 2 pa , y 2 pa . x, y, 
 x, 
 y are linear combinations of1 3
B with integer coefficients and hencei j
x , y , 
 x , 
 y . 7.3.3Ž .





 y 0 mod p
2 2 22 qx
 
 q y
  q 
 x 2 q
 y 0 mod pŽ . Ž .
2mx  y 
 xm 
 y 0 mod p
x 





 y 0 mod 2
x
 
 y 0 mod 2
7.3.5Ž .2
a 
 2 a  0 mod 22 4
2 a 
 2 
 a  0 mod 2.2 4
Ž . Ž .4 Ž . ŽIf x 0 mod p  y 0 mod p then x 0 mod p  y 0
.4 Ž .mod p and using the argument 7.2.2 we get a contradiction. If x 0
Ž .mod p and y 0 mod p then 7.3.4 is equivalent to a system
1









Ž .Condition  gh  1 has the following form:
2 2 2 2 2 2 2x 
  y  p 4a 
 4 a 1
 
  4 p . 7.3.8Ž .Ž .Ž .2 4
Ž . Ž . 2 27.3.6 and 7.3.7 imply that x 
  y  0 mod p; hence
x 2 
  y2  p2 4a2 




  . 7.3.10Ž .
k
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Ž . Ž . Ž .Further, substituting y from 7.3.7 to 7.3.8 and considering 7.3.8
mod p3 we get that
1 
m2Ž .
 1 7.3.11Ž .ž /p
Ž . Ž . Ž .is a necessary condition to satisfy 7.3.6 , 7.3.7 , 7.3.8 ; hence we have got
Ž .the part b of the proposition.
Ž .Considering congruences 7.3.5 we can find that
Ž .7.3.12 If  2, 3 mod 4, then k 0 mod 4. If  1 mod 4 then
k 0 mod 2.
Ž . Ž . Ž .7.3.10 , 7.3.12 mean that R is a necessary condition for s q, 1 ,1
Ž .s q, 1 to be weakly equivalent. At last, an analog of Lemma 5.10 permits
us to show that this condition is also sufficient.
We omit proofs for other cases:
Ž . Ž .PROPOSITION 7.3.13. Case 1.  k is not weakly equialent to  c for all
1Ž .k P  .p
Ž . Ž . Ž .Case 2 a . s q,1 is weakly equialent to s q,1 iff R holds.1
Ž . Ž . Ž .Case 2 b . s q,1 is not weakly equialent to  c .
Ž . Ž . Ž .Case 2 c . s q, t is not weakly equialent to s q, 0 , t	1.
Ž . Ž . Ž .Case 2 d . s q, 0 is weakly equialent to s q, 0 iff R holds.2
Ž . Ž . Ž .Case 2 e . s q, 0 is weakly equialent to  c iff R holds.1
7.4. Let us consider now when there is not only weak but even strong
equivalence. There are three cases of weak equivalences:
Ž . Ž . Ž .a s q, t is weakly equivalent to s q, t ; R holds, t	1.1
Ž . Ž . Ž .b s q, 0 is weakly equivalent to  c ; R holds.1
Ž . Ž . Ž .c s q, 0 is weakly equivalent to s q, 0 ; R holds.2
PROPOSITION 7.4.1. The only case of strong equialence among gien
Ž . Ž .aboe is the following: s q, 0 is strongly equialent to s q, 0 iff F holds.2
Ž .Proof. We give only a sketch of the proof for the case c ; analogous
Ž . Ž . Žproofs for cases a and b are omitted there is no strong equivalence in
.these cases .
Ž . Ž . Ž . Ž .Let s  s q, 0 , s  s q, 0 , g g a , . . . , a G , h h u , u1 2 1 4 V , 0 1 2
H be elements such that gh  H . Arguments of Section 7.1 andV V V
the property that s is not 0-weakly equivalent to s show that u  0;1 2 1
Ž . Ž . Ž . Ž .hence we can let u  1, u 
 . Analogs of 7.3.2 , 7.3.3 , 7.3.8 , 7.3.9 ,1
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Ž .7.3.10 for this case are
2 pa   i 1, . . . , 4Ž .i 7.4.2Ž .
 2 pa , . . . , 2 pa  k ,Ž .1 1 4
Ž .where k satisfies 7.3.12 ;
4 p2  k
2
  . 7.4.3Ž .
k
Condition gh  H means that hH such that ghh  . LetV V V V
 Ž  . Žhh  h f , 
 f we omit the proof for the case f 0; the results are the
. same . Elements a f are linear combinations of entries of ghh withi
1  Ž ŽŽ . Ž . . .half-integer coefficients a f ghh 
 ghh etc. and hence are1 11 222
Ž .half-integer. Equation  ghh  1 is
 a f , . . . , a f 1
 
 2  1; 7.4.4Ž . Ž .Ž .1 1 4
Ž . hence using the same arguments like in 7.2.2 we see that 
  0.
Ž . Ž .Comparing 7.4.2 and 7.4.4 we get
kf 2  4 p2 ,
Ž Ž ..which taking into consideration 7.4.3 is equivalent to F .2
Ž . Ž .This means that F is a necessary condition for s q, 0 and s q, 0 to2
be strongly equivalent.
Let k 2 
  l 2 p2 be a non-trivial equality such that k ql mod p.
Inclusion
k l 1s q , 0 h , s q , 0   7.4.5Ž . Ž . Ž .ž /p p
Ž .shows that F is sufficient for the strong equivalence of s q, 0 and2
Ž .s q, 0 .
PROPOSITION 7.4.6. V  V.c
p
 1 p 1Ž . Ž . ŽProof. We use Proposition 4.4, 4 :  1, 0  C, g , , 0,3 2 2
1. Ž .0  1, 0  .3
COROLLARY 7.4.7. If F does not hold then only V is equal to V. If F2 c 2
holds then only V and V are equal to V.c iŽ	 q, 0.
Ž .COROLLARY 7.4.8. a T is the p-Hecke correspondence on V.V , c
Ž . b deg   p
 1.c
Ž .Proof. a T is a correspondence on V. There are no other corre-V , c
spondences on V with the degree of the first projection equal to p
 1,
except the p-Hecke correspondence.
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Ž . b deg   deg  , because T on X and hence T on V arec c p V , c
symmetric correspondences.
PROPOSITION 7.4.9. The only case of absolute equialence is the following:
Ž . Ž .s q, 0 is absolutely equialent to s q, 0 iff F holds.2
Proof. This is completely analogous to the proofs of the above proposi-
Ž . Ž .tions, so only a sketch is given. Let s   k , l , m i 1, 2 and g 1i 4 i i i
Ž .in 5.1 ; using linear combinations of B , B , B , B , B , B , B , B11 12 22 31 33 34 42 44
we get that
l  l  0, k m k m mod p ,1 2 1 1 2 2
pu , pu  ;1 2
Ž .2 Ž .2 2hence pu 
  pu  p . At last, using linear combinations of B ,1 2 13
B , B , B we get that k 	q mod p; hence a necessary condition for14 23 24 1
Ž . Ž .s , s  S to be absolutely equivalent is: s  s 	q, 0 , s  s q, 0 , and1 2 4 1 2
condition F holds.2
Ž .7.4.5 shows that this condition is sufficient.
Cases s , s  S are considered analogously.1 2 4
PROPOSITION 7.4.10. T is an identical map iff F holds.V , iŽ	 q, 0. 1
Proof. Let u2 
 u2  p and u  qu mod p. Inclusion1 2 1 2
Ž . Ž .1 Ž .h u , u s q, 0   and Proposition 4.4 5 show that this condition is1 2
sufficient. We omit the proof of necessity.
8. FINDING OF deg  i
We know already that for i c deg   p
 1.i
 4  4 1Ž .First we consider cases i S c   for Case 1, and i k P  ,p
Ž . Ž Ž .k	q,, and i i 	q, 1 for Case 2 cases i i 	q, 0 will be consid-
Ž ..ered in 8.13 .
Ž . Ž . Ž Ž .. Ž .In all these cases we use 4.10 for s  i see 6.1.4 ; i.e., s  t, 0, 04
  Ž .for some t . Moreover, we consider the case s  S , s   k, l, m ,4 4
Ž . Ž . and we try to find g g a , . . . , a , h h u , u such that s sgh p.1 4 1 2
We denote p  ssgh by B; hence
B  p2. 8.1Ž .i j
DMITRY LOGACHEV340
Ž Ž ..We introduce the notations analogs of 5.5
t tb b , . . . , b  B , B , B , B , B , B , B , B ,Ž . Ž .1 8 11 13 22 24 12 14 21 23
tz z , . . . , zŽ .1 8
t pa u , pa u , pa u , pa u , pa u , pa u , pa u , pa u ,Ž .1 1 1 2 3 1 3 2 2 1 2 2 4 1 4 2
Ž t .which are vectors columns means transposition .
2 Ž .We have B 
 B  2 p z ; hence ord z  0. Analogously, other31 42 3 p 3
linear combinations B  B , B 	 B , B 	 B , B 	 B show that31 42 32 41 33 44 34 43
 i 1, . . . , 8 ord z  0. 8.2Ž . Ž .p i
Further, we have
b M 
 pM z 8.3Ž . Ž .0 1
where
1 t t  0 0 0 0 
t    t 0 0 0 0
1 0 0  0 0 0 0
0   0 0 0 0 0M 0 0 0 0 0 1 t t 
0 0 0 0 t    t
0 0 0 0 1 0 0  
0 0 0 0 0   0
and
0 k k 0 0 l l 0 
k 0 0 k l 0 0  l
0 m m 0 0 l l 0
m 0 0 m l 0 0  lM  .1 0 l l 0 0 k k 0
l 0 0  l k 0 0 k
0 l l 0 0 m m 0 
l 0 0  l m 0 0 m
Ž 2 .8We can treat M 
 pM as a linear transformation of the space p0 1
2 Ž .which is the space of residues mod p of both z and b. Namely, 8.1 and
Ž .8.3 imply
M 
 pM z 0 mod p2 . 8.4Ž . Ž .0 1
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Ž .First we consider the residue mod p and weaken 8.4 :
M z 0 mod p. 8.5Ž .0
If det M  0 mod p then:0
Ž .1. 8.5 implies that
ord z  1 8.6Ž . Ž .p i
Ž . Ž . Ž . Ž .2. 8.1 , 8.3 , and 8.6 imply that ord z  2. Sincep i
1
2 2 2 2 2 2 2 2 2 2 gh  z 
  z 
  z 
  z  z 
  z 
  z 
  zŽ . Ž .1 2 3 4 5 6 7 82p
8.7Ž .
Ž . Ž .condition ord z  2 implies that  gh  1. So, we have that if det Mp i 0
 0 mod p then there is no s S such that ssg p.4
4Ž 2 .2We have det M  16 t 
  ; hence if t	q then there is no0
s S such that ssg p.4
Ž . ŽNow we treat the case t q, i.e., i i q, 1 the case tq is
. Ž 2 . Žcompletely analogous . We denote c q 
  p  here clearly q
. Ž . is a fixed representative of q  . Solving a linear system 8.5 we getp
z  q2 y , z  z qy , z  y , z  q2 y ,1 4 2 3 4 4 4 5 8 8.8Ž .
z  z qy , z  y mod p ,6 7 8 8 8
Ž .where y , y are arbitrary parameters. So, in order to satisfy 8.4 z must4 8 i
be
z  q2 y 
 py , z qy 
 py , z qy 
 py ,1 4 1 2 4 2 3 4 3
2 8.9Ž .z  y , z  q y 
 py , z qy 
 py ,4 4 5 8 5 6 8 6
z qy 
 py , z  y ,7 8 7 8 8
where y , y are the above, and other y are p-integers.4 8 i
Ž . Ž . t Ž .Substituting 8.9 in M 
 pM z we get that 8.4 is equivalent to the0 1
condition
tM y , . . . , y  0 mod p 8.10Ž . Ž .2 1 8
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where
1 q q c 2kq 0 0 0 0 
2 2q q q c
 2kq q 0 0 0 0Ž .
1 0 0 c 0 0 0 2 lq
2 2 20 q q 0 0 0 0 2 lq
M  .2 0 0 0 0 1 q q c 2kq
2 20 0 0 0 q q q  c
 2kq qŽ .
0 0 0 2 lq 1 0 0 c 2 2 20 0 0 2 lq 0 q q 0
Ž . ŽIf deg M  0 mod p then 8.10 implies that all y  0 mod p i.e.,2 i
Ž . Ž 2 .8 Ž 2 .8 Ž .2 . Ž . Ž .Ker M 
 pM : p  p is p . Substituting 8.9 to 8.70 1
Ž .we get that  gh  0 mod p and hence  1.
c8 2 2Ž . ŽWe have det M  16q c
 2kq ; hence if k  q 
2 2 q
.  2 qp mod p then s sgh p.
Now we shall consider the case
c
k mod p. 8.11Ž .
2 q
We shall show that in this case also does not exist g  H 	and evenV V
 Ž .gG 	such that s sg p. Namely, a general solution of 8.10 isV
y c y 
 2 lq y , y k y  2 l y , y k y1 4 8 2 4 8 3 4
8.12Ž .
y c y 
 2 lq y , y k y  2 l y , y k y .5 8 4 6 8 4 7 8
y , y are arbitrary, all y   .4 8 i p
Ž . Ž . Ž .Hence, substituting 8.12 in 8.9 , we get that under 8.11 the set of
Ž . Ž 2 .2solutions of 8.4 is isomorphic to p , and formulas are the following
Ž 2 .all congruences mod p :
pa u  z  q2 y 
 cy 
 2 lqy pŽ .1 1 1 4 4 8
pa u  z qy 
 ky  2 ly pŽ .1 2 2 4 4 8
pa u  z qy  ky p3 1 3 4 4
pa u  z  y3 2 4 4
pa u  z  q2 y 
 cy 
 2 lqy pŽ .2 1 5 8 8 4
pa u  z qy 
 ky  2 ly pŽ .2 2 6 8 8 4
pa u  z qy  ky p4 1 7 8 8
pa u  z  y .4 2 8 8
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Ž 2 . 2 Ž .2 Ž .2 Ž .2We have  1p z AU where A a a  a a 
  a a8 1 4 2 4 3 4
Ž .2 , U u u 
 . A substitution of the above formulas shows that1 2
both A, U are  0 mod p2 and hence  0 mod p2, a contradiction.
Calculations in cases s S , s S are completely analogous, and we2 3
omit them. In these cases also there is no s such that ssgh p. Only for
 Ž .the only element s  S does there exist g  H namely, g 1 such1 V V
that ssg p. This means that for all considered i we have deg   1i
and hence  is isomorphic to V .V , i i
Ž . Ž .8.1.4 . Now we consider the case of the vertex of the cone: i i q, 0 ;
Ž . Ž .i.e., s s q, 0   q, 0,q . Here it is more convenient to use formula4
Ž . 4.11 . In order to prove that in this case also deg   1, it is sufficient toi
prove that if 
  such that s1
 sG then s1
 s  . We denoteV V
1 Ž . Ž .s 
 s by gh, g g a , . . . , a G , h h u , u H .1 4 V , 0 1 2 V
Ž .The analog of 8.3 for this case is the following. We denote








 ,Ž . Ž . Ž .Ž .1 1 1 11 13 22 24 31 33 42 441 8








 ,Ž . Ž . Ž .Ž .2 2 2 12 14 21 23 32 34 41 431 8
z  z , . . . , z  pa u , pa u , pa u , pa u ,Ž . Ž . Ž .Ž .1 1 1 1 1 1 2 3 1 3 21 4
z  z , . . . , z  pa u , pa u , pa u , pa u ,Ž . Ž . Ž .Ž .2 2 2 2 1 2 2 4 1 4 21 4
1 0 1 0 0 1 0 1
q c q c p q p q
M
q c q c p q p q	 0
 0  0 0  0 
Ž . Žand we have b  z M i 1, 2 . All entries of gh have a form   z scalari i i
.product for some vector  and i 1, 2 depending on the entry. There are
Ž . Ž . Žup to an integer factor only four vectors  , namely, 1, 0, 0,	  , 0, 1,
.	1, 0 . It is easy to check that all these  are linear combinations of
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Ž . Žcolumns of M with integer coefficients. Namely, 1, q, q, 
 1, q,
. Ž . Ž . Ž .q,   0, 2 q, 2 q, 0 and 2 q, p  1; hence 0, 1, 1, 0 is their linear com-
bination. Analogously for other vectors .
This means that gh .
All remaining cases for i I are analogous to the cases considered
above. So, the only i such that deg    1 is i c.i
9. REDUCTIONS
Ž .9.1. In this section we consider a Siegel threefold X p . A point t of0
Ž . X p corresponds to an isogeny  : A  A of Abelian surfaces such0 t t t
Ž .that Ker  is an isotropic plane of A . For a fixed A the set of sucht t p t
planes is isomorphic to S.
All statements and proofs of the present Section 9.1 are only sketched.
Ž . ŽNamely, here we shall consider a ‘‘naive’’ reduction of X p at p i.e., the0
Ž . .closed fibre of a model of X p over Spec . Reductions will be denoted0
by tildes. We have

X p  F  F  F , 9.1.1Ž . Ž .0 0 1 2
 	 Ž .Ž .where the F are defined as follows Sh . Let t X p  be an elementi 0
˜ 2 Ž .such that A is ordinary. Then there exists a fixed affine plane   At p t p
˜ ˜Ž .we denote it by D enjoying the following property:  : A  A is the˜t t t
˜Frobenius map of A iff Ker  D. We havet t
t˜ F  dim Ker  D i i 0, 1, 2 .Ž .i  tp
Ž . Ž .Since X p is the graph of T on X, attached to 9.1.1 is a decomposi-0 p
˜ ˜tion of T on X,p
T˜    , 9.1.2Ž .p 0 1 2
Ž .where the graph of  is F i 0, 1, 2 ,  is the Verschibung map, andi i 0
 is the Frobenius map.2
Ž . 1Ž . Ž .Let t   t  X. We fix an isomorphism  : S  t  X p ;1 1 1 1 0 
˜hence for s S there is a point  s  X p . Since A is ordinary, forŽ . Ž .0 t
Ž .each s S there is only one F such that  s  F ; i.e., 9.1.1 defines aŽ .i i
partition
SU U U 9.1.3Ž .0 1 2

of S as follows: sU  s  F .Ž .i i
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Ž .Partition 9.1.3 is easily described in terms of geometry of S. Let d S
Ž .be a point that corresponds to D, let T P V be the projectivization of5
the tangent space to S at d, and T is isomorphic to P 3. T S is a
 4two-dimensional cone whose vertex is d. We have U  d , U  T S2 1
 4 Ž .d , U  S T S .0
To find types of reductions of  , we need to intersect partitions ofV , i
Ž .Theorems 0.7, 3.6 and of 9.1.3 . First, we have
LEMMA 9.1.4. d C.
Proof.  is the graph of the p-Hecke correspondence on V. It isV , c
˜ ˜known that  contains two irreducible components. The maps A  AV , c t t
associated to points of one of these components are purely non-separable
Ž .i.e., Frobenius maps. This means exactly that d C.
Further, since C A  S is a nonsingular conic curve, we see that2
1Ž . Ž Ž . . Ž .A  T and hence k P  dim B k  T  2. We have that Q k2 p 3
Ž  4. Ž . U  d  B k  T S is either:1 3
Ž .  4 Ž .a d if Q k is an ellipsoid;
Ž . Ž .b two straight lines on T S if Q k is a hyperboloid; or
Ž . Ž .c one straight line on T S if Q k is a cone.
Ž . Ž . Ž .In case c s 	q, 0   S; i.e., s 	q, 0 U .1
Ž .We can multiply by 1 if necessary the function t s of Section 6.1
Ž .in order to interchange notation tt of S 	q, t in such a way that
Ž . Ž .the straight line B 	q  T S is contained in S 	q, 1 but not in3
Ž .S 	q,1 .
Ž . ŽThis means that we have the inclusions of sets S i , i I here k
1Ž . .P  , k	qp
CU U ,0 2
s 	q , 0 U , 4Ž . 1
S 	q ,1 and Q k k of ellliptic type U ,Ž . Ž . Ž . 0
S 	q , 1 and Q k k of hyperbolic type U UŽ . Ž . Ž . 0 1
Ž .and analogous formulas for reductions of curves   X p :V , i 0

  F  F ,V , c 0 2

  F ,V , sŽ	 q , 0. 1
9.1.5  Ž .
 and  k of elliptic type  F ;Ž .V , sŽ	 q ,1. V , k 0
 
 and  k of hyperbolic type  F  FŽ .V , sŽ	 q , 1. V , k 0 1
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It is clear that reductions of  are good; most likely this is alsoV , sŽ	 q, 0.
true for  and  of elliptic type.V , sŽ	 q,1. V , k
Ž .This result can be considered as an analog of 0.5 	more exactly, of the
Ž .below Proposition 9.2.2 which is used to deduce 0.5 ; see remark 9.2.3. To
Ž . Ž .get an analog of 0.5 in our case, we apply  to 9.1.5 . We get,2
respectively,
˜ ˜  ˜V  fr V  fr V ,Ž . Ž .c
 ˜V  V ,Ž .sŽ	 q , 0. 1
9.1.6 Ž .˜ ˜V and V k of elliptic type  fr V ,Ž . Ž .Ž s	 q ,1. k

˜ ˜ ˜V and V k of hyperbolic type  V  fr V .Ž . Ž . Ž .sŽ	 q , 1. k 1
9.2. Formulas 9.1.5 can serve as a starting point of an application of
Ž .the BirchMazurBloch method to threefolds X p for some p. Recall0
 	the idea of this method in the one-dimensional case M .
Ž . Ž .Let X X p be the modular curve of level p, let J X be its0
Ž p.Jacobian, and let z X K be a Heegner point defined by conditions
 z  z ,  z  z , 9.2.1Ž . Ž . Ž .1 1 2 p
Ž .where z , z are from 0.3 , case N 1. The method gives a sufficient1 p
Ž .condition that the image of z in J X is not of torsion. The idea is to
˜ Žconsider X	the reduction of X at p i.e., the special fibre of a nodal
˜.model of X over  . There is a decomposition of X into irreduciblep
˜ ˜ ˜components: X X  X . We fix 	a lift of p on K. An elementary0 1
but crucial result is the following
˜ ˜PROPOSITION 9.2.2. z belongs either to X or to X , and it is easy to find˜ 0 1
Ž .to which component it belongs this depends on choices of  , z , and z .1 p
Remark 9.2.3. Applying  ,  to z and taking into consideration˜1 2
Ž . Ž . Ž . Ž . Ž .9.2.1 , 9.2.2 , we get immediately 0.5 ; i.e., 0.5 and 9.2.2 are practically
equivalent.
Ž .9.2.2 implies that the image of z in the group  of connected
Ž .components of the special fibre of the Neron model of J X is a generator
p 1of . Here  k, where k is the numerator of . This result is12
used to deduce the following
THEOREM 9.2.4. Let the aboe objects satisfy the following conditions:
Ž Ž . .1. h K , p  1;
Ž .Ž . Ž .Ž .2. J X K  J X  ;k -torsion k -torsion
Ž . Ž .then cl z   J X is not of torsion.
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In the higher-dimensional case there exists an analog of the question
Ž . Ž .whether cl z   J X is of torsion. It is the following. Let X be a
rŽ .variety defined over K , and let CH X K be the kernel of the class0
map
r 0 2 rcl: CH X K H K , H X, rŽ . Ž .Ž .Ž .et l
 r 1 2 r1Ž . Ž Ž Ž ...and cl : CH X K H K , H X, r the AbelJacobi0 et l
rŽ . Ž .map. For any Z CH X K the notion that cl Z is or is not of0
torsion is well defined. At last, we can take: X is a suitable compactifica-
Ž .tion of a Siegel threefold X p ; Z is a formal linear combination in0
2Ž . 2Ž . ŽCH X K of curves of type  such that Z CH X K see, forV , i 0
 	 .example, L2 for a construction of such Z, canonical up to a scalar factor .
Ž .The problem is finding a sufficient condition for cl Z to be not of
Ž Ž ..torsion generalization of 9.2.4 .
 	Bloch B, Sect. 3 extended the BirchMazur method to a high-dimen-
sional variety X, in order to answer the above question for some X. He
2 r1Ž Ž ..  	defined an analog of  for H X, r and B, Proposition 3.1 aet l
rŽ .map  : CH X .
9.3. This subsection is a discussion of the possibility of applying this
Ž .method to three-dimensional X X p . The first step	to find an ana-0
Ž . Ž .log of 9.2.2 	is already made: this is 9.1.5 .
Ž 3Ž ..The second step is to find  H X 	or at least some its sub-
Ž .quotient- group. For some types of Siegel varieties X of low level,
def  Ž . Ž . Ž .equations defining X, as well as groups A X CH X CH X , are0
Ž .known. For example, let X be the Igusa compactification of H  2 . We2 2
 	 4 Žhave LW : X is a blowing up of a quartic hypersurface in P given by an2
. 1Ž . 2Ž . 16explicit equation in 15 points, so A X  A X   .2 2
Ž .Let X X 2 p be a Siegel threefold of level 2 p. We consider reduc-
˜tion at p, so F  F  X . Necessary information about the correspond-0 2 2
Ž .  	ing algebraic stack S 2, p is contained in J1, J2, ChN .
Ž .An integer model S 2, p constructed by de Jong is not regular. The
necessity of considering its desingularization makes the problem much
more difficult. Nevertheless, we can first consider some model problems.
 Ž .	For example, according to B, 3.1 , in order to find  we need to find the
1Ž .image of F  F in A F . This divisor is tightly related to the following0 1 0
˜divisor D  X :n ord 2
˜D  t X  A is a non-ordinary Abelian surface . 4n ord 2 t
2 ˜Ž . ŽClass of D in A X can be found as follows this construction wasn ord 2
.indicated me by Edixhoven . Let A X be the universal covering; i.e.,2
the fibre of any t X is the corresponding Abelian surface. We have an2
Ž .invertible sheaf     on X . Then D corresponds toAX 2 AX 2 n ord2 2
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Ž p1.  	 . The description of X given in LW shows that finding the classAX 22
2 1 ˜Ž . Ž .of  in A X 	and hence the class of D in A X 	is aAX 2 n ord 22
routine problem of enumerative algebraic geometry, although the level 2
structure and blowing up of 15 singular points can cause some difficulties.
2 ˜Ž . Ž .The quotient group A X  class of D gives us a rough estimate2 n ord
of .
Ž . Ž . 2Ž . Ž . Ž .The third step is to find a cl V  A F and b  V , where  
Ž .V is V itself or V . a is a problem analogous to the above problem of i
2Ž .finding a class of D . Further, if we have a map pr: A F  thenn ord
Ž . Ž Ž .. Ž . V  pr cl V will be found immediately. A condition that  V  0  
Ž .for some  V can be useful in order to find a proof of an analog of
Theorem 9.2.4 for Siegel threefolds.
ŽRemark. Maybe it will be technically easier to consider according to
 	. Ž .J1 a Siegel threefold X p, p of another type	the moduli space of0
 4 Ž .2pairs A, 0    , where     A is an isotropic subspace1 2 2 p p
Ž .and    is any subspace of  . X p , p has four irreducibleŽ .2 p 2 0
components, and a description of their intersection divisors is simpler than
the one for X p .Ž .0
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